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Abstract
The definition of the Riemann–Cartan space of the plane wave type is given. The
condition under which the torsion plane waves exist is found. It is expressed in the form
of the restriction imposed on the coupling constants of the 10-parametric quadratic
gravitational Lagrangian. In the mathematical appendix the formula for commutator
of the variation operator and Hodge operator is proved. This formula is applied for the
variational procedure when the gravitational field equations are obtained in terms of the
exterior differential forms.
1. Introduction
Recently the more attention is payed to the investigation of exact solutions of field equations
in the spaces with the geometrical structure which is more complicated that the Riemann
structure of General Relativity. The problem of the wavelike solutions is on the special place
here since this problem is closely connected with the experimental investigation of gravitational
waves. In [1] the gravitational waves of a metric and torsion are considered in the theory with
the Lagrangian which represents the sum of the linear Einstein–Cartan Lagrangian, one of the
six possible quadratic in curvature terms and all the possible terms quadratic in torsion. In
[2] the torsion waves on the flat space background are described. The Lagrangian considered
there is quadratic in curvature. In [3] the authors investigate the plane waves in the framework
of the theory based on the Lagrangian quadratic in curvature and torsion without linear term.
Ref. [4] is devoted to the investigation of the waves of the torsion 2-form of the algebraic
special N-type.
In this article we consider the gravitational theory based on the general quadratic La-
grangian in the Riemann–Cartan space-time U4. The main purpose is to investigate the
problem of existance of the plane torsion waves in U4. We also want to clearify the role of
each irreducible part of the torsion propagating in the form of the plane wave. Preceding
version of this work can be found in Ref. [5].
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The modern Poincare´ gauge gravitational theory essentially uses the non-linear in curvature
and torsion Lagrangians [6]–[22] (see also Refs. [24]–[26] and references therein). The use of
the quadratic Lagrangians in the theory of gravitation is also stimulated by the attempt to
construct the renormalized theory of gravitation in the Riemann–Cartan space-time [9], [25].
The most of the quadratic gravitational theories in the Riemann–Cartan space-time can be
described as the particular cases of the 10-parametric Lagrangian, described in Ref. [8]. This
Lagrangian is constructed as the sum of the Einstein–Cartan linear Lagrangian and all the
terms quadratic in the irreducible pieces of curvature and torsion.
2. Field equations for the general quadratic Lagrangian
The Riemann–Cartan space-time U4 is the 4-dimentional oriented differential manifold M
with a metric gab (a, b = 0, 1, 2, 3) (the metric has the Index 1), the volume 4-form η, the
linear metric-compatible connection 1-form Γab, the curvature 2-form R
a
b =
1
2
Rabcdθ
c ∧ θd and
the torsion 2-form T a = 1
2
T abcθ
b ∧ θc. Here θa (a = 0, 1, 2, 3,) represent the cobasis of 1-forms
in U4 (∧ is the operation of the exterior product). We use the local anholonomic vector basis
e¯b with e¯b⌋θ
a = δab , where ⌋ is the operation of the interior product, and gab = g(e¯a,e¯b) = const.
In U4 a connection is compatible with a metric in the sence that the exterior covariant
differential D = d+Γ ∧ . . . (d is the operator of the exterior differential) of the metric tensor
is equal to zero,
Dgab = dgab − Γ
c
agcb − Γ
c
bgac = −2Γ(ab) = 0 . (2.1)
The condition (2.1) represents the constraint imposed on the connection 1-form Γab. This
constraint can be resolved explicitly by using the connection 1-form which satisfies to the
condition Γab = −Γba.
It is convinient to use the fields of 3-forms ηa, 2-forms ηab, 1-forms ηabc and 0-forms ηabcd ,
determined as follows [27],
ηa = e¯a⌋η = ∗θa , ηab = e¯b⌋ηa = ∗(θa ∧ θb) , (2.2)
ηabc = e¯c⌋ηab = ∗(θa ∧ θb ∧ θc) , ηabcd = e¯d⌋ηabc = ∗(θa ∧ θb ∧ θc ∧ θd) , (2.3)
θa ∧ ηb = δ
a
b η , θ
a ∧ ηbc = −2δ
a
[bηc] , (2.4)
θd ∧ ηabc = 3δ
d
[aηbc] , θ
f ∧ ηabcd = −4δ
f
[aηbcd] , (2.5)
where ∗ is the Hodge operator. In U4 the following formula is valid [27],
Dηab = T
c ∧ ηabc . (2.6)
Let us consider in U4 the general 10-parametric Lagrangian which is constructed from all
the terms quadratic in the irreducible pieces of curvature and torsion with the usual linear
Einstein–Cartan term added. In terms of exterior differential forms it reads [29],
L = f0R
a
b ∧ ηa
b +
6∑
i=1
λi
(i)
R
a
b ∧ ∗
(i)
Ra
b +
3∑
i=1
χi
(i)
T
a ∧ ∗
(i)
T a . (2.7)
Here f0 = 1/(2κ) (κ = 8πG/c
4), and λi, χi are the coupling constants. The index (i) runs
over all irreducible (with respect to Lorentz group) components of the curvature 2-form and
the torsion 2-form, respectively. Refs. [1], [3] and some others deal with the special cases of
the Lagrangian (2.7).
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The torsion 2-form can be decomposed into traceless 2-form, trace 2-form and pseudotrace
2-form as follows (see [26]),
T a =
(1)
T
a+
(2)
T
a+
(3)
T
a . (2.8)
Here the trace 2-form and the pseudotrace 2-form of the pseudo-Riemannian 4-manifold are
determined by the expressions, respectively,
(2)
T
a =
1
3
θa ∧ (e¯b⌋T
b) ,
(3)
T
a =
1
3
∗ (θa ∧ ∗(T b ∧ θb)) . (2.9)
The traceless and trace parts of torsion satisfy to the conditions,
(1)
T
a ∧ θa = 0 ,
(2)
T
a ∧ θa = 0 . (2.10)
On the decomposition of the curvature 2-form into the irreducible pieces see Ref. [26].
Using the expressions for the irreducible parts of curvature and torsion 2-forms the La-
grangian (2.7) can be transformed into the form which is more convinient for the variation
procedure,
L = f0R
a
b ∧ ηa
b + τ1R
a
b ∧ ∗R
b
a
+τ2(R
ab ∧ θa) ∧ ∗(R
c
b ∧ θc) + τ3(R
ab ∧ θc) ∧ ∗(R
c
b ∧ θa)
+τ4(R
a
b ∧ θa ∧ θ
b) ∧ ∗(Rcd ∧ θc ∧ θ
d)
+τ5(R
a
b ∧ θa ∧ θ
d) ∧ ∗(Rcd ∧ θc ∧ θ
b) (2.11)
+τ6(R
a
b ∧ θc ∧ θ
d) ∧ ∗(Rcd ∧ θa ∧ θ
b) + ̺1T
a ∧ ∗Ta
+̺2(T
a ∧ θa) ∧ ∗(T
b ∧ θb) + ̺3(T
a ∧ θb) ∧ ∗(T
b ∧ θa) .
Here τ1, ..., τ6, ̺1, ..., ̺3 are the coupling constants. They are related to the coupling constants
of the Lagrangian (2.7) as follows:
τ1 =
1
2
(3λ4 − 5λ1) , τ2 =
1
2
(λ2 + λ4 + λ5 − 3λ1) , τ3 =
1
2
(λ4 − λ1) ,
τ4 =
1
2
(−λ2 + λ3) , τ5 =
1
2
(λ2 + λ4 − λ5 − λ1) , τ6 =
1
12
(3λ4 − 2λ1 + λ6) ,
̺1 =
1
2
(2χ1 + χ2) , ̺2 =
1
3
(−χ1 + χ3) , ̺3 =
1
3
(χ1 − χ2) ,
One can easily express the parameters of (2.7) through the parameters of the Lagrangian
(2.11). We need only one of them, namely,
χ1 = ̺1 + ̺3 . (2.12)
Beeing written in the component form, the Lagrangian (2.11) coinsides with the well-known
Lagrangian [8], L = Lη, where
L = f0R +R
abcd(f1Rabcd + f2Racbd + f3Rcdab)
+Rab(f4Rab + f5Rba) + f6R
2 + T abc(a1Tabc + a2Tcba) + a3TaT
a . (2.13)
Here we use the following notations:
Rab = R
c
acb , R = R
c
c , Ta = T
c
ac . (2.14)
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The constants in the Lagrangian (2.13) are related to the parameters of the Lagrangian (2.11)
as follows,
f1 =
1
2
(−τ1 + τ2 − τ3 + 2τ4 + τ5 + 2τ6) , f2 = τ4 ,
f3 = −2τ2 − 4τ4 − τ5 , f4 = −τ3 − τ5 − 4τ6 , f5 = τ5 , f6 = τ6 ,
a1 =
1
2
(̺1 + ̺3 + ̺3) , a2 = −̺2 , a3 = −̺3 .
The vacuum field equations in the Riemann–Cartan space-time can be obtained by the
variational procedure of the first order. Let us vary the Lagrangian (2.11) with respect to the
basis 1-form θa and to the connection 1-form Γab in U4 independently and take into account
that the connection 1-form satisfies to the condition, Γab = −Γba. It is useful to use the
formula (A.1) of Apendix. The variation with respect to θa gives the field equation,
f0R
bc ∧ ηabc + τ1(R
n
b ∧ ∗(R
b
n ∧ θa) + ∗(∗R
b
n ∧ θa) ∧ ∗R
n
b)
+τ2(2Ran ∧ ∗(R
mn ∧ θm)− (R
rb ∧ θr) ∧ ∗(R
m
b ∧ θm ∧ θa)
− ∗ (∗(Rmb ∧ θm) ∧ θa) ∧ ∗(R
rb ∧ θr))
+τ3(2R
t
n ∧ ∗(R
n
a ∧ θt)− (Rl
b ∧ θm) ∧ ∗(R
m
b ∧ θ
l ∧ θa)
− ∗ (∗(Rmb ∧ θ
λ) ∧ θa) ∧ ∗(Rl
β ∧ θm))
+τ4(4Rab ∧ θ
b ∧ θb ∧ ∗(Rln ∧ θl ∧ θn) + ∗(∗(R
l
n ∧ θl ∧ θ
n) ∧ θa) ∧ ∗(R
t
b ∧ θt ∧ θ
b))
+τ5(4R[a|b| ∧ θ
l ∧ ∗(Rnl] ∧ θn ∧ θ
b) + ∗(∗(Rnl ∧ θn ∧ θ
b) ∧ θa) ∧ ∗(R
t
b ∧ θt ∧ θ
l))
+τ6(4R
n
b ∧ θ
l ∧ ∗(Ral ∧ θn ∧ θ
b) + ∗(∗(Rln ∧ θ
t ∧ θb) ∧ θa) ∧ ∗(Rtb ∧ θl ∧ θ
n))
+̺1(2D ∗ Ta + Tn ∧ ∗(T
n ∧ θa) + ∗(∗T
n ∧ θa) ∧ ∗Tn)
+̺2(4Ta ∧ ∗(T
b ∧ θb)− 2θa ∧D ∗ (T
b ∧ θb)− (T
l ∧ θl) ∧ ∗(T
b ∧ θb ∧ θa))
+̺2(∗(∗(T
b ∧ θb) ∧ θa) ∧ ∗(T
l ∧ θl))
+̺3(2T
b ∧ ∗(Ta ∧ θb) + 2D(θ
b ∧ ∗(Tb ∧ θa))− (Tl ∧ θn) ∧ ∗(T
n ∧ θl ∧ θa))
+̺3(∗(∗(T
n ∧ θl) ∧ θa) ∧ ∗(Tl ∧ θn)) = 0 . (2.15)
The second field equation is the result of the variation with respect to Γab and has the form,
f0Dηa
b + τ12D ∗ R
b
a + τ2D(θa ∧ ∗(R
cb ∧ θc)− θ
b ∧ ∗(Rca ∧ θc))
+τ3D(θ
c ∧ ∗(Rc
b ∧ θa)− θ
c ∧ ∗(Rca ∧ θ
b))
+τ42D(θa ∧ θ
b ∧ ∗(Rcd ∧ θc ∧ θd))
+τ5D(θa ∧ θ
d ∧ ∗(Rcd ∧ θc ∧ θ
b)− θb ∧ θd ∧ ∗(Rcd ∧ θc ∧ θa))
+τ62D(θc ∧ θ
d ∧ ∗(Rcd ∧ θa ∧ θ
b))
+̺1(θ
b ∧ ∗Ta − θa ∧ ∗T
b) + ̺22θ
b ∧ θa ∧ ∗(T
c ∧ θc)
+̺3(θ
b ∧ θc ∧ ∗(Tc ∧ θa)− θa ∧ θ
c ∧ ∗(Tc ∧ θ
b)) = 0 . (2.16)
3. Plane torsion waves in Riemann–Cartan space-time
As it is shown in [28], [30], it is convinient to choose the special basis to investigate the problem
of gravitational waves. This basis is constructed from two null vectors e¯0 = ∂v, e¯1 = ∂u and
two space-like vectors e¯3 = ∂x, e¯4 = ∂y. The vector e¯0 is covariant constant and has the
5
direction of the wave ray. Coordinates x and y parametrize the wave surface (u, v) = const.
In this basis the metric tensor has the form,
gab =


0 1 0 0
1 0 0 0
0 0 −1 0
0 0 0 −1

 .
In a Riemann space V4 the plane wave of a metric (see Refs. [1], [30]) is defined as the
special case of the metric for the plane-fronted gravitational waves with parallel rays (pp-
waves), which in the basis chosen has the form,
g = 2H(x, y, u)du2 + 2dudv − dx2 − dy2 . (3.1)
Here the coordinate u is considered as the retarded time parameter and can be interpreted
as the phase of the wave. The vacuum Einstein equations for the metric (3.1) are equivalent
to the equation Hxx + Hyy = 0, where Hxx, Hyy are the second partial derivatives of H
with respect to the corresponding coordinates. The following null coframe corresponds to the
metric (3.1),
θ0 = Hdu+ dv , θ1 = du , θ2 = dx , θ3 = dy . (3.2)
The Riemann space V4 with the metric of the plane wave admits the G5 group of symmetries.
This group is generated by the vector fields X with the structure [1],
X = (a+ b′x+ c′y)∂v + b∂x + c∂y , (3.3)
where a = const, b(u), c(u) are arbitrary functions and b′, c′ are their derivatives with respect
to u. The G5-group of symmetries leaves the isotropic hypersurfaces in V4 to be unchanged.
These hypersurfaces describe the wave fronts with the constant amplitude. As the special case
of pp-waves, the plane waves have the vanishing expansion, twist and they are shear-free [33].
In Ref. [1] the definition of the plane wave metric is extended to the space with nonvan-
ishing torsion. Let us introduce the following definition [31], [32].
Definition. We shall call a Riemann–Cartan space U4 as a space U4 of a plane wave type and
its metric and torsion as the plane waves of a metric and torsion, if the metric gab and the
torsion 2-form T a of this space admit a five-dimentional group G5 of symmetries. It means
that the following conditions are fullfilled: LXgab = 0, LXT
a = 0, where LX denotes the Lie
derivative with respect to any vector field X which generates the G5 symmetry.
The following theorem determines the structure of the plane torsion waves.
Theorem 3.1. The torsion 2-form of U4 of the plane wave type has the following structure: its
trace and pseudotrace vanish and its traceless part depends on two arbitrary functions t and
s of the retarded time parameter u and has the form,
(1)
T
0 = t(u)θ1 ∧ θ2 + s(u)θ1 ∧ θ3 . (3.4)
Proof. Let us substitute the vector field (3.3) into the equation LXT
a = 0. As a result one
obtains the system of the equations. Since b, c, b′ and c′ can take arbitrary values, these
equations imply that all the components of torsion vanish except T 012 and T
0
13, which are
the functions of u. The straightforward verification shows that the trace and pseudotrace of
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torsion (2.9) of plane waves vanish and only the traceless part of torsion depends on these
nonvanishing components, and the dependence has the form (3.4).
The following theorem specifies the conditions under which the plane torsion waves exist.
Theorem 3.2. The metric and torsion of U4 of plane wave type are the solutions of the
field equations of the gravitational theory with the Lagrangian (2.11) with f0 6= 0 if and only
if (a) the metric of U4 satisfies the equation
R
R ab = 0, where
R
R ab is the Ricci tensor of
the Riemann connection; (b) the following restriction on the parameters of the Lagrangian
(2.11) is valid, f0 +χ1 = 0. If the condition (b) is not satisfied then torsion of the plane wave
vanishes.
Proof. The connection 1-form of a Riemann–Cartan space U4 can be decomposed into a sum
of the Riemann (Levi-Chivita) connection 1-form
R
Γ ab and the contorsion 1-form K
a
b. The
latter lineary depends on torsion [26],
Γab =
R
Γ
a
b +K
a
b , T
a =: Kab ∧ θ
b , Kab = 2e¯[a⌋Tb] −
1
2
e¯a⌋e¯b⌋(Tc ∧ θ
c) . (3.5)
In consequence of (3.5) the decomposition of the curvature 2-form in U4 into the Riemannian
and post-Riemannian parts reads,
Rab =
R
R
a
b+
R
D K
a
b +K
a
c ∧ K
c
b , (3.6)
where
R
D is the external covariant derivative with respect to the Riemann connection 1-form,
and
R
R αβ is the Riemann curvature 2-form. By the explicit calculation using (3.2), (3.4) and
(3.5) one can verify that all nonvanishing components of the Riemann connection 1-form and
the contorsion 1-form are proportional to the basis form θ1 = du,
R
Γ
0
2 =
R
Γ
2
1 = Hxθ
1 ,
R
Γ
0
3 =
R
Γ
3
1 = Hyθ
1 , (3.7)
K02 = K
2
1 = tθ
1 , K03 = K
3
1 = sθ
1 , (3.8)
where Hx and Hy are the first partial derivatives of H with respect to the correspoinding
coordinates. In consequence of (3.7) the external covariant derivative with respect to the
Riemann connection is also proportional to the basis 1-form θ1 = du. Therefore all the
non-Riemannian terms in (3.6) vanish and the curvature 2-form of U4 of the plane wave
type coinsides with the Riemann curvature 2-form. The only nonvanishing in the basis (3.2)
components of the curvature 2-form read,
R02 = R
2
1 = Hxxθ
2 ∧ θ1 +Hxyθ
3 ∧ θ1 , R03 = R
3
1 = Hxyθ
2 ∧ θ1 +Hyyθ
3 ∧ θ1 . (3.9)
Therefore in case of the plane waves of a metric and torsion the curvature 2-form Rab in the
field equations (2.15) and (2.16) coinsides with the curvature of the Riemann connection
R
Rab.
Then in consequence of the identity for the Riemann curvature 2-form
R
R
a
b ∧ θ
b = 0 , (3.10)
all the terms in the field equation (2.15) with the coefficients τ2, τ4 and τ5 vanish. Moreover,
as the result of the curvature 2-form structure (3.9) the terms with the coefficients τ1, τ3 and
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τ6 also vanish from the equation (2.15). Taking into account that trace and pseudotrace of
torsion vanish in the case considered and that for the tracefree part the condition (2.10) is
valid, one can varify that the field equation (2.15) is equivalent to the equation,
f0
R
R
bc ∧ ηabc + 2 (̺1 + ̺3)D ∗ Ta = 0 . (3.11)
From the structure of the torsion 2-form (3.4) and the connection of the plane wave (3.7),
(3.8) it follows that the last term in (3.11) vanishes. Then the equation (3.11) takes the form,
f0
R
R ab = 0 . (3.12)
This proves the part (a) of Theorem 3.2.
Let us now consider the field equation (2.16). In this equation as well as in (2.15) the curvature
2-form coinsides with the curvature of the Riemann connection in V4. Then due to (3.10) the
terms with the coefficients τ2, τ4 and τ5 vanish. Next, using the component representation of
the curvature 2-form, together with the identities (2.2)–(2.5), one can show that the terms
with the coefficients τ3 and τ6 are equal to
τ3D(2 ∗ Ra
b +Racη
bc − Rbcηac) , (3.13)
8τ6D(∗Ra
b +Racη
bc − Rbcηac +
1
4
Rηa
b) , (3.14)
where the notations (2.14) are used. It is necessary to take into account that because of the
equation (3.12) the Ricci tensor and the scalar curvature vanish in (3.13) and (3.14). The
term with the coefficient f0 in (2.16) can be transformed with the help of (2.6). Now let us
take into account the fact that the trace and pseudotrace of the torsion vanish and also use
the following identities for the traceless part of torsion,
∗
(1)
T
b = θc ∧ ∗(
(1)
T c ∧ θ
b) ,
(1)
T
c ∧ ηbac = θa ∧ ∗
(1)
T
b − θb ∧ ∗
(1)
T a . (3.15)
The identities (3.15) can be verified by choosing the component representation and using
(2.2)–(2.5). Finally, in the equation obtained let us decompose the connection 1-form into its
Riemannian and post-Riemannian parts according to (3.5). As a result the equation (2.16)
for the Riemann–Cartan space of the plane wave type becomes,
τ
R
D ∗
R
R
b
a + 2τ
(
(e¯[b⌋
(1)
T c]) ∧ ∗
R
R
c
a − (e¯
[c⌋
(1)
T a]) ∧ ∗
R
R
b
c
)
+(f0 + ̺1 + ̺3)
(
∗
(1)
T a ∧ θ
b − ∗
(1)
T
b ∧ θa
)
= 0 , (3.16)
where τ = 2(τ1 − τ3 − 4τ6). Let us consider each term of this equation separately. The first
term vanishes by virtue of the Bianchi identity in V4 and the equation (3.12). The second
term vanishes due to the structure of the curvature 2-form (3.9) and the torsion 2-form (3.4).
As a result the equation (3.16) reduces to the system of the equations,
(f0 + ̺1 + ̺3)t(u) = 0 , (f0 + ̺1 + ̺3)s(u) = 0 . (3.17)
The rest of the statements of Theorem 3.2 follow from (3.17) due to (2.12) and (3.4).
Corollary. Only the traceless part of torsion can propagate in the form of a plane wave.
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Traceless torsion plane waves have the massless quanta.
Proof. Using (2.8) one can decompose the linear term of the Lagrangian (2.7) into the Rie-
mannian and post-Riemannian parts as follows,
Rab ∧ ηa
b =
R
R
a
b ∧ ηa
b − 2
R
D
(
∗
(2)
T
a ∧ θa
)
+
(1)
T
a ∧ ∗
(1)
T a − 2
(2)
T
a ∧ ∗
(2)
T a −
1
2
(3)
T
a ∧ ∗
(3)
T a . (3.18)
Using (3.18) one obtains that the coefficient at the quadratic traceless part of torsion in (2.7)
is f0 + χ1 and is equal to zero in consequence of Theorem 3.2. This can be interpreted as the
fact that the quanta of the corresponding part of torsion are massless.
4. Discussion
In this article the gravitational field equations for the general 10-parametric quadratic La-
grangian are obtained in the first order variational formalism in U4 in terms of the exterior
differential forms. The variational procedure is based on the formula for the commutator of
variation of the arbitrary p-form and the Hodge operation, which is proved as the Lemma
in the mathematical Appendix. The field equations obtained are used for the analysis of the
problem of the plane torsion waves in the quadratic gravitational theories.
For this purpose the definition of the plane waves of a metric and torsion as the Riemann–
Cartan space of the plane wave type is given. The structure of the torsion 2-form in the case
of the plane waves is determined by Theorem 3.1. From this Theorem it follows that only the
traceless part of torsion can propagate in the form of the plane wave. In connection with this
result the important question of the possible sources of such waves arises, since the usual types
of matter (spinor and electromagnetic fields) can not be the source of the torsion traceless
part.
The necessary and sufficient conditions for the existense of the plane torsion waves are
found. They are determined by Theorem 3.2. These conditions consist of two parts. The
first one requiers the metric of the plane wave to be the plane wave metric with respect
to the connection of the Riemann space V4, whose metric coinsides with the metric of the
Riemann–Cartan space U4. The second condition requiers the constraint to be imposed on
the parameters of the quadratic Lagrangian, f0+χ1 = 0. As follows from Corollary of Theorem
3.2 the last condition leads to the fact that the traceless part of torsion must have the massless
quanta.
The restriction f0 + χ1 = 0 on the Lagrangian parameters plays the important role in
analysis of various quadratic gravitational theories with torsion. Thus, in [20] it is shown that
if this condition is fulfilled, the spherically symmetric solution for the torsion has the 1/r2
form. This leads to the theory without tachyons on the quantum level. In [15] five types of the
Lagrangian which lead to the theory without ghosts and tachyons are found. Among them
there are two Lagrangians for which this restriction on the constants holds. This leads in
turn to the possible propagation of the plane torsion waves. The condition f0+χ1 = 0 is also
important in the investigation of particle spectrum in the Poincare´ gauge gravitational theory.
In [13] it is shown that if this condition is valid then the normal multiplet of torsion can be
constructed only from the following combinations of the irreducible components: (2−, 1−, 0+),
(2−, 1+, 0+), (2−, 0+, 0−).
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Appendix
We consider the arbitrary (in general anholonimic) basis e¯α. For this basis the cobasis of
1-forms θβ does not consist of total differentials. The metric takes the form g = gαβθ
α ⊗ θβ,
where gαβ = g(e¯α, e¯β). The following Lemma is valid.
Lemma. Let Φ and Ψ be arbitrary p-forms defined on n-dimentional manifold. Then the
following variational identity for the commutator of the variation operator and the Hodge star
operator is valid,
Φ ∧ δ ∗Ψ = δΨ ∧ ∗Φ+ δgσρ
(
1
2
gσρΦ ∧ ∗Ψ+ (−1)p(n−p)+Ind(g)+1θσ ∧ ∗ (∗Ψ ∧ θρ) ∧ ∗Φ
)
+δθα ∧
(
(−1)pΦ ∧ ∗ (Ψ ∧ θα) + (−1)
p(n−p)+Ind(g)+1 ∗ (∗Ψ ∧ θα) ∧ ∗Φ
)
. (A.1)
Here δ is the operator of the variational derivative and Ind(g) is the index of the metric g,
which is equal to the number of negative eigenvalues of the diagonalized metric.
Proof. Let Ψ be an arbitrary p-form with the component representation
Ψ =
1
p!
Ψγ1γ2...γpθ
γ1θγ2 ...θγp . (A.2)
Then the Hodge star operator applied to this p-form reads,
∗Ψ =
√
|detgσρ|
(n− p)!p!
gα1γ1 ...gαpγpǫα1...αpβ1...βn−pΨγ1...γpθ
β1 ∧ ... ∧ θβn−p , (A.3)
where ǫα1...αpβ1...βn−p are the components of the totally antysymmetric Levi–Chivita density
n-form. Let us calculate the variation δΨ using (A.2). Then applying (A.3) one gets,
∗δΨ =
1
p!
ηγ1...γpδΨγ1...γp +
1
(p− 1)!
Ψγ1...γp (e¯λ⌋δθ
γ1) ηλγ2...γp . (A.4)
The calculation of the variation of (A.3) is more complicated since the components of the
metric tensor must be also varied. After rather tedious calculations one gets,
δ ∗Ψ = δgσρ
(
1
2
(∗Ψ)gσρ −
1
(p− 1)!
Ψσγ1...γp−1ηργ1...γp−1
)
+
1
p!
ηγ1...γpδΨγ1...γp + δθ
β ∧
(
1
p!
Ψγ1...γpηγ1...γpβ
)
. (A.5)
Here the p-form ηγ1...γp = ∗(θγ1 ∧ ... ∧ θγp) is introduced. Let us multiply externally from
the left (A.4) and (A.5) by the p-form Φ and take into account that Φ ∧ ∗δΨ = δΨ ∧ ∗Φ.
Comparing the expressions obtained and using the well-known relations,
e¯α⌋ ∗Ψ = ∗(Ψ ∧ θα) , ∗ ∗Ψ = (−1)
p(n−p)+Ind(g)Ψ , (A.6)
one gets the formula (A.1) of Lemma.
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